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Existence and Uniqueness of Gibbs States for a
Statistical Mechanical Polyacetylene Model
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One-dimensional polyacetylene is studied as a model of statistical mechanics. In
a semiclassical approximation the system is equivalent to a quantum XY model
interacting with unbounded classical spins in one-dimensional lattice space Z.
By establishing uniform estimates, an infinite-volume-limit Hilbert space, a
strongly continuous time evolution group of unitary operators, and an invariant
vector are constructed. Moreover, it is proven that any infinite-limit state
satisfies Gibbs conditions. Finally, a modification of Araki’s relative entropy
method is used to establish the uniqueness of Gibbs states.

KEY WORDS: Polyacetylene; Gibbs states; KMS states; Choquet simplex;
Araki’s relative entropy method; Dyson expansion; ground states.

1. INTRODUCTION

We study the (quantum) statistical mechanics of a polyacetylene model.
Polyacetylene (CH), is a one-dimensional polymer, which exhibits some
interesting properties. The following Hamiltonian for a bounded region
A={—n, —n+1,.,n} = Z was suggested by Schrieffer ez al. '

with
n 1 n—1
HB' Z _PZ Z i 1+l)2
n—1
Z Z [CHCoiv 1+ C 1 Ot — gluy—ui01)]
i=—n s= +1/2
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where M is the mass of CH, w is a positive constant, and ¢ and g are real
constants. The indices s= + 4 stand for the spins of the fermions in C~C
bonds, and one imposes

[P,u]=—id;

(1.2)
{C;lji’ Cs',j'} = 5ss’6ij’

where [A4, B] = AB— BA and {4, B} = AB+ BA. For detailed discussions
of the model, we refer to Refs. 4, 5, 10, and 11.

Some  heuristic  arguments suggest that the vibrations
(—1)(u,—u,,,) take the form of solitons, and that fractional charges
may appear under the influence of the solitions.">!" In Ref. 5 we tried to
clarify these heuristic arguments with rigorous statistical mechanics, and we
established some properties, such as the exponential clustering of some fer-
mion correlation functions. Our purpose in this paper is to construct the
thermodynamic limit theory and to establish the uniqueness and the cluster
property of infinite-volume Gibbs states of the model. Thus, our results are
extensions and complements of those in Ref. 5. The results show that the
previous heuristic arguments in Refs. 10 and 11 need serious recon-
sideration at least for § < co (and under a semiclassical approximation).

Instead of the full model (1.1), we make a semiclalsical approximation
to simplify our discussions:

Assumption A. (A semiclassical approximation) M in (1.1) is so
large so that the boson kinetic energy term is negligible.

Under the above assumption, we introduce new boson fields

¢i+1/2 = —(u;— ;4 1)

whose correlation functions are well-defined. We regard {4,,,,} as
independent boson fields. That is, we impose free boundary conditions for
the boson fields and then make the changes of variables
—{u;—u; 1) > ¢; 1. Since there is no direct coupling between s=1/2
and s = —1/2 fermions, we consider one kind of fermion. Therefore, for any
A={nn+1,., m}cZ we write

H,=H, g+H,¢ (1.3)

with
mo2
H,p= Z 7‘1534 1/2 (1.4)

m—1
Hyp= Z [CHCip 1+ CHAC I+ 80k 1) (1.5)

i=n
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where
(Cr.CY=b;  {C.C}=0 (16)

That is, the fermions satisfy the anticommutation relations (CAR).
We next discuss the algebra of observables. Let us denote

/¥ = the C*-algebra generated by {C,, C¥; ie A}
/8 = the C*-algebra of bounded continuous functions of variables (1.7)
Piv1p i€4
Ady=A%Q A, ‘ (1.8)
The quasilocal algebra of observables is given by
oA =APQ A" (1.9)
with

v

A<=z AcZ
The finite-volume Gibbs states and the partition function are defined by

1 m
palA)=—=| 1 df, 1 ™12 Tr (de™er)
A" j=p
(1.10)

Z,= J. n ag; ., 1/2 e P Tr(e_ﬂHA'F)

i=n

where $>0, Aeot,, Fy=C", and H,y and H , are given by (1.4).

In order to construct infinite-volume-limit equilibrium states we
introduce Green’s functions.® Let «! be the time evolution automorphism
on &/, given by

al(A) = e"™MAF go—11Har (1.11)
The finite-volume Green’s functions are given by
G (A4, B; t)=p 4(Aa]'(B)) (1.12)

Although p , is defined as a state over .&/,, it has an extension to a state on
o/ by the Hahn-Banach theorem, which we denote again p ,. The bounds

|G 4(4, B; )l < | 4] [ B (1.13)
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imply that there exists a subnet {A4,} such that

G(4, B1)= lim G(4, B;1) (1.14)

for all A, Be.o/ and r€ R. This is a consequence of Tychonoff’s theorem.
Clearly, the value

p(4)=G(4,1;0) (1.15)

determines a state p over the quasilocal algebra /. We write that for any
finite sequence 4: Z+ 1/2 - R,

ph)= 3 derrph(x+1/2) (1.16)

xed

For any state w on &, let (¥, n,,, Q,) be the cyclic GNS representation
of o/ with respect to w. Let n (¢(#)) be the generator of the group
n(explitd(h)]. We say that a state @ on <7 is an entire analytic state if
(2,,,explzn,(¢(h))]2,) is an entire analytic function for each finite
sequence 4.

We now list our main results in this paper.

Theorem 1.1. Let p be any weak*-limit state of finite-volume
Gibbs states p, defined as in (1.15). Then p is an entire analytic state on
<. Let (#,,m,,2,) be the cyclic representation with respect to p. Then
there exists an essentially self-adjoint operator H defined on n,(\J 4.  %4)
such that

G(4, B; 1) = (n,(A*)Q,,e""n (B) e ""Q2 )
for any 4, Be o/, te R. Moreover, Q, is invariant under e

We will prove the above result in Section 2. We next define Gibbs con-

ditions for the model. For any finite A= {n,n+1,.,m} < Z, let

WA = [C:—lcn + C:Cnfl:l(t + g¢n;1/2)
+[C;kncm+l+cr>l:t+lcm](t+ g¢m+l/2) (117)
Thus, W, is the surface energy of 4. For a given entire analytic state w on
o/ we define n,(W,) by replacing C, and ¢,,,, by 7,(C,) and

n,(@. 1 1,2), Tespectively, in (1.17). For any finite sequence h: Z+1/2 - R,
let

1/P
il =| 3 1hx+ 1721 | (118)

xeZ

We now list Gibbs conditions for a state @ on .«
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Definition 1.2. For given >0 and w, 1, ge R, let I" be the set of
states on ./ statisfying the following conditions:
(G-1) [Regularity] Let c=max{1/2fw? 2Bg/w*}. Then each we I’

is entire analytic and satisfies

w(exp[4(h)]) <exp{c[lIAll3+ 4],]}

uniformly in we 7.

(G-2) Let (£, n,,£2,) be the cyclic representation with respect to
wel. Then for each wel, Q, is a separating vector for
().

(G-3) Let A be the generator of the modular automorphism group
for we I Then for any Be o, A<= Z,
hnw(B)sz [nw(HA + WA)> Tcw(B)]Qw

(G-4) [Gibbs conditions] For any finite A<= Z, let &/, be the
closure of |J 4 4 — o . Let

Q0= exp{—3BLH -1, (W )1} 2,
Then for weI”
(IR0 Mol A) o (B) Ty Q2,) = p A(ANIh 2, T (B) T, 2,,)

for any Ae of,, Be </,., where p , is the finite-volume Gibbs
state. We say that any w e I' is a Gibbs state.

Remark. (a) The regularity condition (G-1) says that each we I is
an entire analytic state and so (G-3) makes sense.

(b) The expression in (G-4) is a formal expression. In Section 3 (and
Section 4) we will give a precise meaning to exp{ — [ H—n (W ,)]}Q,
for any Gibbs state w e I” via a Dyson expansion."?) See Propositions 3.5
and 4.1.

We then have the following result:

Theorem 1.3. Let p be any weak*-limit of {p,} and let H be the
self-adjoint operator in Theorem 1.1. Then H=#, and p is a Gibbs state.

We will prove Theorem 1.3 in Section 3.
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In order to discuss uniqueness of Gibbs states and the clustering
property, we introduce a C*-subalgebra o/° of </ as follows. Let

o %¢ =the algebra generated by even monomials

inCFrand C;, i,jed (1.19)
=B ® /5
and
=) ¢ (1.20)
A=Z

For each je Z, let ¢!V and ¢! be 2 x 2 Pauli matrices,™ and let </ be the
algebra generated by afV and o), je A. Similarly, let o/ %¢ be the algebra
generated by even monomlals in aj“’ and oi?, j, ke 4. We write <7 and /°
for the closure of | ;. , 4B ® /% and |J ;. , #/B ® 7 4, respectively. It is
known that

=df¢ (1.21)
(see Example 6.2.14 of Ref. 2 and references therein), and that**

m—1
H,p= -2 Z (0']('1)0,(‘21 + 0;2)0',(-2))0 + 804 12) (1.22)
Jj=n
Thus, the model is equivalent to a quantum XY model interacting with
boson fields. »
Each clement 4 €./ has a unique decomposition into even and odd
parts

A=A"+ A~

where A% €.97°. Let o/° be the space of odd elements. We say that a state
_w is an even Gibbs state if it is a Gibbs state and if w(4)=w(4*) for any
Aesd.

Theorem 1.4. The set I'* of even Gibbs states consists of one
element.

Remark. (a) By the definition of finite-volume Gibbs states p, in
(1.10), it turns out that any weak*-limit p of finite Gibbs states p, is an
even Gibbs state.

(b) Using the Gibbs condition (G-4), one may show that any Gibbs
state is even. See the remark below the proof of Lemma 4.2 in Section 4.
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In Section 4, we will show that the set I© of even Gibs states on .o/¢
forms a metrizable (convex and compact) simplex, and that for any
extremal state w e I, the algebra #¢ at infinity for (&7, ») is trivial. As a
consequence of Theorem 1.4, we have the following (see, e.g.,
Theorem 2.6.10 of Ref. 2):

Theorem 1.5. The unique Gibbs state » has the cluster property:
For any Ae /¢, Be ¢,

|w(AB)— w(A) w(B) -0
as dist(A, A’) — oo.

It may be worthwhile to comment on Theorem 1.5 (and also on
Theorem 1.4). For a technical reason (Proposition 4.4), we are unable to
extend Theorem 1.5 to /. The difficulty comes from complicated local
structures of &, ie., [, o, ] #0 even if A n A" = (F. If one can show the
result in Proposition 4.4 for Te %, Aen, (), and Ben, (), where
%, is the center of n,(2/)", then the restrictions to even elements in our
results can be removed.

The contents of this paper are as follows: In Section 2, we establish
some uniform estimates (Propositions 2.1-2.3) for finite Gibbs states. Using
the uniform estimates, we prove Theorem 1.1. In Section 3, we introduce
the notion of local perturbations

Q) =exp[—3f(H-W,)]1Q,

of the cyclic vector 2, in terms of a Dyson expansion, and then prove
Theorem 1.3.

Section 4 is devoted to the proof of Theorems 1.4 and 1.5. We use a
modified version of Araki’s relative entropy method.""*>”) Since the
quasilocal algebra is a mixture of classical and quantum observables, and
since the system is an unbounded spin system, we have to modify the stan-
dard methods,"** and use several limiting process.

In Section 5, we discuss some open problems for the full quantum
model (1.1) and also for ground states (f = o).

2. CONSTRUCTION OF INFINITE-VOLUME-LIMIT THEORY

In this section we obtain useful uniform estimates for finite-volume
Gibbs states, and then we construct an infinite-volume-limit theory. At the
end of this section we will prove Theorem 1.1.

We first derive uniform bounds for the model. Let |A|, be the /-
norms defined in (1.18) for any finite sequence A: Z + 1/2 > R. We then
have the following bounds:
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Proposition 2.1. Let c=max{1/28w? 2fg/w*}. Then for any
hZ+12-C

|p 4(expl() DI <exp{c(Ihl3+ [Al,)}

uniformly in 4.

Proof. Since |p (exp[#(h)])] < p(exp[@(Reh)}]), it suffices to show
the proposition for real h. Recall the definitions of H,y, H,r, and p ,(A4)
in (1.4), (L.5), and (1.10), respectively. By changes of variables
Grs12— Prer1p— (1/W?) h(x +1/2), one obtains that for any real 4

p Alexp[g(h)]) <exp(c|hl3) Z ;!

x [ [ T1 disyp P00 Trg e Pr 0 (21)

ieA
where

1 1
GAzﬁ Z [CfCX+1+Cr+1Cx] [th<x+§):|

xeA

Thus, if one shows that
Trg (e #Har+ 91y Cexp(c Al ) Tre (e~ PHar) (2.2)

the proposition will follow from (2.1) and (2.2). The bound (2.2) follows
from the Golden-Thompson inequality

Tr(e?+ ) < Tr(e?e®) < Tr(e?)e'®! (2.3)

for any self-adjoint matrices 4 and B, and from the fact that |C*|p <L
This proves the proposition.

Lemma 2.2. Let &, j=1,2,.,m, be sequences from A+ 1/2 to R.
Then there is a constant ¢, independent of A, such that

o (11 808 )| <cmomy™ 1T umi + 1)

j=1
uniformly in A.

Proof. Let

ez 2= TT oLz blh)/ /U 3+ 111
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Then f(zy, z5, Z,,) i analytic in each variable z;, j= 1,.., m, separately.
From Proposition 2.1, it follows that for |z;/ <1

[f(zla'-'a Zm)| < edm

for some constant d uniformly in A. Thus, one may use the Cauchy integral
formula (on the unit circle C) to conclude that

Pa (ﬁ [h(h)//ml|1A]3+ HMI)])}

j=1

-|[(fz)rem],

= ' 2n)™ fc dz, - .-L dz,, (210 2,21 2

< edm
Since m™ < ¢f*m! for some constant ¢, the lemma follows from the above
bound.

We next establish some commutator cstimates. Let 4 =4 ,(4) be a
|A]| x | 4| Hermitian matrix whose ij element is given by

0, li—jl#1
A ¢ i":{ .. .. 2.4
A9y (1+8hivip)  li—jl=1, i<j 24
For given operators 4 and B we write
o%(B)=8B,  o(B)=[4,07"(B)] (2.5)
We also write
Clg)= Y Cigli), C*g)= Y Ckgli) (2.6)

ieZ ieZ
for any finite sequence g: Z — R. For A= {n,n+1,..,m} = Z we have

HA,F= z Ci*AA(¢)ijCj (2-7)

Ljed

Here we have used the definitions in (1.5) and (2.4) to derive the above. A
direct computation yields

0% ,:(C(8)) = C(4,4(4)"g) (2.8)
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Since

m

= % (Cg)) =m0, (C(8))) (29)

it follows from (2.8) that
o (C(g))=Cle™ "), af(C*(g))=C*e " Pg)  (210)

We have the following result:
Proposition 2.3. For a fixed A’ < 4, and for 4 e.o/%,, there is a
constant C, independent of A such that
p4((0%,(4))* 8%, (A)) < Cm!

uniformly in A.

Proof. Let Aeo/T,. Then A can be identified as an polynomial of C,
and C¥, ie A', with a degree at most 2"/, Thus it is sufficient to show the
proposition for a monomial of the form

p —~—
= I_[ Ci[’ l,G A/

I=1

where C, is either C, or else C*. Notice that

A= ) I s (C 2.11)
mp=0,1,.m; =1
Y my=m
and that by (2.8)
3 AC) = £C(A4(4)™e;) (2.12)

where ¢, is the function defined by e(j)= 4. Let W7 be the family of ran-
dom walks (in A) of m steps starting at the site ie A". For we W7, we
denote the final site of w by w,. Then, from the definition of 4 ,(¢) it
follows that

ClAp)e)= Y [ I1 (t+g¢(11+12;/2)} C., (2.13)
we Wi () ew

We note that the total number of terms in (2.11) is p™ and that
card(W?7)<2™. We substitute (2.12) and (2.13) into (2.11). Then it
becomes clear that

p4((87, (A)*(57F, (4)))
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is the sum of (p™2™)? terms of the form
2m 2p -
P4 (n (14 gy 1p) T1 ka)
\i=1 k=t
Using Proposition 2.1 and the fact that |C,|=1, we bound the above
expression by C*"(2m!)"/2 This proves the proposition completely.

We will use the following lemma to prove Theorem 1.1.

Lemma 2.4. [Lemma 6.3.23 of Ref. 1]. Let {f,} be a net of n>1
times continuously differentiable functions from R to C, and assume that f,
converges pointwuse to a function /. Assume that the derivatives of f, up
to order n are bounded on compacts, uniformly in o. It follows that f is
n— 1 times continuously differentiable, and

fgtm) - f(m)
for m=0, 1,.., n— 1, where the convergence is uniform on compacts.
Using Proposition 2.3 and Lemma 2.4, we obtain the following result:

Proposition 2.5. Let {4,} be a subnet such that

G(A, B;1)= lim G (A, Bi1)
Ay —Z

exists for 4, Be o/ and re R. For any 4 € &/ and Be &/, G(A, B; t) can be
extended to an analytic function G(4,B;z) on the strip
D={z:0<Imz<f}, and for any m>0

d" d”

“— G(4, B;z)= lim — G , (4, B;z)

dz" Ay—z dz™

on ze D,. Furthermore, there is a constant Cjp such that

dar .
(——d 5 G4, B z)| < | 4] CH(m!)'”?
Z

on zeD,.

Proof. Since /8 is an Abelian algebra, it is sufficient to show the
proposition for Be /% for some finite A'<Z. For given A€/ and
Be /%, we write

f(2)= G 4,(4, B; z) = p 4,(Au]*(B)) (2.14)

where
al(B) = e™H4F Bo—=Har (2.15)

822/46/3-4-10
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It then follows that for ze Dy

fNz) =1"p 4,(Aaf(SF, (B))
=i"p 4,(a22(4) 0%, (B))

For a finite 4,, the above is analytic in the region D;. Thus, |f7(z)| has
the maximum on the boundary of Dg. But

DL <A1 pa([07, (B)1* 0%, (B))
<[ 411” Cgm!

(2.16)

by Proposition 2.3. On the other hand,
[ s =1p4,00%, (B)ol(4)|

<P400%, (B)OY, (B)]*)p.(A*4)
<|[4]*Cgm!

Here we have used the definition of p , in (1.10), the KMS conditions for
p 4, the Schwarz inequality for the state p ,, and Proposition 2.3. Thus, we

conclude that
If () < 4] Cr(m!)? (2.17)

on D, uniformly in 4,. Thus, {f,(z)} is a net of analytic functions on D,

and each f{™(z) is bounded uniformly by (2.17). One may choose a subnet

{4,} of {4,} such that f,.(z) > f(z) on Dy. From (2.17) and Vitali’s

theorem it then follows that £ — f“ on D, (and also on the boundary,

by Lemma 2.4). The boundedness in the proposition follows from (2.17).
We are now ready to show Theorem 1.1.

Proof of Theorem 1.1. Let (#,,n,, 2,) be the cyclic representation
with respect to a weak *-limit state p of {p,}. Then p is entire analytic by
Proposition 2.5. We define an operator on 7,(|J 4 » #4)Q2, by

an(B)sz[np(HA,F+WA)’ Tcp(B)]‘Qp (218)
for any Be .«/,. From Proposition 2.5, it follows that for any 4 €./ and
Be s/,

G4, B;1=0)= lim GY)(4, B;t=0)

Ay —Z

=i lim p,(Ady,, w,(B))

Ay — Z

= i(np(A)*Qp’ 77:;7(5H,[+ WA(B))Qp)
—i(n,(A4)*Q,, Hr (B)Q,) (2.19)
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Similarly, it follows from Proposition 2.5 that for any Be </,

G4, B;t1=0)=i"(n,(A*)Q,, H"n,(B)L2,) (2.20)
and
[(n,(4%)Q2,, H™n,(B)Q2,)| < 4] Cg(m!)"? (2.21)

Since 7,(/)€2, is dense, one may conclude that 7,(B)€2, is an analytic
vector for H. Notice that HQ,=0. Since n,({J,. > %,)€2, is dense, H is
essentially self-adjoint on = ,(|J 2Z,), and

G(A4, By 1) = (n,(4*)2,, e" n,(B)e ""Q,)

Since HQ,=0 by (2.18), €, is invariant under e"”. This proves
Theorem 1.1 completely.

3. GIBBS CONDITIONS FOR INFINITE-VOLUME-LIMIT
STATES

This section is devoted to the proof of Theorem 1.3. For notational
simplification we make the following convention. In the rest of the paper we
suppress the representation notation m, if there is no confusion involved.
Thus, we will use the abbreviated notation A4 for 7 ,(4).

We note that any weak*-limit p of {p ,} satisfies the following weak
KMS conditions: For any 4, Be .o/ and fe %,

Jdtf(t) G(A, B; t)=fdzf(z+iﬁ) G(B, 4; —1) (3.1)

The above equality follows from the corresponding KMS conditions for the
states p, and Proposition 2.5. The above relation implies that Q, is a
separating vector for n,(«/)” (Example 5.3.13 of Ref. 1). The regularity
condition (G-1) follows from Lemma 2.1 and Proposition 2.5:

Lemma 3.1. Any weak*-limit p of {p,} satisfies conditions (G-1)
and (G-2) in Definition 1.2.
Let H be the self-adjoint operator in Theorem 1.1, and let

ad)y=e" Ae"H (3.2)

for any 4 € £ (s,). Our next task is to identify the modular automorphism
by «,. For a given A, the operator H,p [=7,(H k)] is essentially self-
adjoint on n,(|J s#,) by the regularity of p. Let

o, 4(A) = [exp(itH ;)] Alexp(—itH 4. ;)] (3.3)
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We then have the following result:

Lemma 3.2. For any Aen, () and Ben,(|J %),
a,4(A4) BQ,—u,(4) BR,

strongly.
Proof. From (2.18) it follows that for any Aden,(«,) and
Bemn,(4,),
[H,A1BQ,=[(H, s+ W,), A]1 BQ, (3.4)

Let A™ = {xe Z: dist(x, A)<m}. Then
HA,F + WA == HA(I)’F
Using (3.4) m times, we obtain that for 4 en (2,),

5m(A) BR, =87

H yim} p

(4) BQ, (3.5)

Notice that it suffices to prove the lemma for 4 € e, (%), and so for 4 =
Iz, C’j, ied, p<|A}l. We expand (3.2) and (3.3) in power series. Then for
Bemn, (),

Lol A4) —a, qm(A)] BQ = (it)" Z [O7(A) = 0% (4)] BQ

n=1

7Y L85, (A4) = 0% (AT BQ  (3.6)

nzm

where we have used (3.5) to obtain the second equality. Using a method
similar to that used in the proof of Proposition 2.3, one may show that the
norm of the nth term in (3.6) is bounded by C7%(n!}"? and so (3.6) tends to
zero as m — oo. This prove the lemma.

Proposition 3.3. Let o be defined as in (3.2). Then « is an
automorphism on (/)"

Proof. Since n,({J #Z,) is dense in n,(/), for any Ben, ()", there
exists a sequence {B,}cmn,(|J ) such that B,— B weakly and so
a(B,) - a,(B) weakly. Since a,(B,)e 7 ()" by Lemma 3.2, it follows that
o (B)em(o)".

Corollary 3.4. Let 4 be the generator of the modular
automorphism on n(</)”. Then ~= H.

Proof. From the KMS conditions for any finite-volume Gibbs states
p.. and from Proposition 2.5 one may deduce that p(4«,(B)) satisfies the
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KMS condition for A€/ and Be.,. Since )./, is norm dense,
p(A4a (B)) satisfies the KMS condition for 4, Be «/. By Corollary 5.3.4 of
Ref. 2, (n(sf), «,) satisfies the KMS condition. The result follows from the
uniqueness of the modular automorphism (Theorem 5.3.10 of Ref. 2).

In the rest of this section we prove the Gibbs conditions (G-4) in
Definition 1.2 for p. We first give a meaning to exp[ — j(H— W ,)12,. A
direct calculation shows that W, is essentially self-adjoint on =, (|) .«Z,).
Thus, it may be possible to show that H— W , is a self-adjoint operator on
a suitable dense domain including 7,({J «¢,). Instead, we will use a Dyson
expansion. Let I'/ be a one-parameter family of elements given by

ri=1+7y (—i)"jtdtl j:dzzmj:"dzna,n(WA)---a,l(WA) (3.7)

nzl 0
where a,(A4) =" Ae ", The above expression is formally equivalent to®

F}/l =elt(H7 W) efltH

Proposition 3.5. (1) For any finite A< Z, the vector-valued
functions
P(An)(z)_Qp — eiZnH WAei(zn—I‘zn)H WA . ]/V/1 e‘iZIH‘QP

are analytic in the tube D} defined by
DP={zeC" 0<Imz,<Imz, < <Imz <o}

The function P{)(z)€Q, is strongly continuous and uniformly bounded on
its closure DY), and

sup [[P{(z)Q, 1l < C'(n!)'?
ZED/(,;;%
uniformly in A.
(2) The series
rﬁf/zgngﬂ‘*’ 2 dsy - ds, o (W) o, (W) Q2

isn I3
nel"0<sp< - <5< f)2

converges strongly.

Proof. We note that be Lemma 2.2

ITar+ 80,1012, | < C"(n)'?

i=1

and so
[(W,4)" Q2,1 < C"{(n!)'? (3.8)
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uniformly in 4. We note that, as a consequence of Lemma 3.1 and
Corollary 3.4, p is an a-KMS state on 7(/)"”. Now the proposition follows
from the bound (3.8), the KMS conditions on p, and a method similar to
that used in the proof of Theorem 5.4.4 of Ref. 2. For the details we refer to
Ref. 2.

Remark. Formaily one may see that
Fi/;}/29w =exp[ —38(H-W )12,

Thus the condition (G-4) in Definition 1.2 makes sense.
We now complete the proof of Theorem 1.3 by proving the condition
(G-4) in Definition 1.2;

Proof of Theorem 1.3. By Proposition 3.3, Corollary 34, and (2.13)
we only need to show that the condition (G-4) in Definition 1.2 holds for p.
Let A and A’ be finite subsets of Z such that A < A’ = Z, and let

a2 (A) = [explizH 1.x)] ALexp(—izH 1.)] (39)
for Ae oZ,. It then follows from a Dyson expansion that

I't* =explit(H 4 p — W) exp(itH 4 ¢)

! [ -1 , ,
—1+ Y (=i [ an | dzszo di, af (W) (W)

PES! 0 0

We define

(3.10)

and for Be o/,., A" < A,
FEi(B; &, z)=p (Q7)(€) BPP)(2)) (3.11)

Then by the KMS conditions for p ,- the regularity of p , (Lemma 2.2), and
a method similar to that used in the proof of Theorem 5.4.4 of Ref. 2, it is
easy to show that the functions F(%?(B; ¢, z) are analytic on the domain

D" ={(¢, z)e Cm

—P<Imé < <Imé, <0<Imz, < - <Imz, <if} (3.12)
continuous on its closure and bounded uniformly in A4’ on its closure by

(B &, 2) < C* "(m!) () 2 (3.13)
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Moreover, using a method similar to that used in the proof of
Proposition 2.5 (and Proposition 2.3), one may prove that any derivative
of FU)(B; &, z) is also bounded uniformly in 4. Let {4} be the subnet of
{A'} such that G, (4, B;t) converges to G(A, B;t). Using either
Lemma 2.4 or else the method on p. 408 of Ref. 2 (with Vitali’s theorem),
one may choose a subnet A, of A, such that

Fr(B; &, z) = lim Fyq(B; ¢, 2)
Ay > Z

on the closure of D{5™ (uniformly in compacts). Thus, we have
(Q,n (xm( W ) ' zsm( WA) Bazsn( WA) zsl(WA)Q )
= lim py () (WA) ) ,/;;(WA)B“,/;:(WA)“,/;Z(WJ) (3.14)

A(x’ Lz is}

for any —if<si< - <, <0 and 0<s,< -+ <iff. Integrating both
sides of (3.14) over the regions, summing over m and n, and using the
uniform bounds in (3.14) (together with Proposition 3.5), we obtain the
following result: Let

Fz/;i’//z1 =exp[ — p(H 1 p — W ,)] exp(38H 4 )
Then for any Aesf,, Be s, A < A°,

(I iB/2 w’np(A)n (B) rzﬂ/ZQ )

= lim p . ((I'f3)* ABIf57)

lﬂ

hm P 4, (A4) PA,((F,//‘;/EI“)* Brzﬁ/2 )

= p(A)(FlB/Z (B) Fzﬂ/2gp)
Here we have used the fact that for any Ae &%, Be /5., AnA'=,
Trp, (AB)=const x Trz,(A4) Trp, (B)

to obtain the second inequality in the above expressions. This proves
Theorem 1.3 completely.

4. UNIQUENESS OF GIBBS STATES

This section is devoted to proving the uniqueness of Gibbs states. Our
main strategy is as follows: Let I" be the set of Gibbs states on &/ (or an
algebra 7 defined below). We will show that I is a metrizable Choquet
simplex, and so each state in /" is the barycenter of a unique probability
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measure concentrated on extremal points of I.*>® We then introduce the
notion of the algebra at infinity, 4,,, for we I". It will follow that, if we " is
extremal, then 4, = {c{ }. Finally, let w be an extremal Gibbs state and let
p be a weak™-limit state of finite-volume Gibbs states p,. Using the fact
that expectations of the surface energies W, are bounded uniformly in A4,
and using the Gibs conditions for we I, we show that there is a positive
operator T affiliated with %, such that w(74)=p(A4). Since #,={cl},
this will prove Theorem 1.4.

Our method is closely related to those in Refs. 1, 3, and 7. But, as
stated in the introduction, we need to modify the methods in Refs. 1 and 3
in order to take care of unbounded spins and the mixture of classical and
quantum observables. This makes it necessary to take several limiting
processes in the proof.

Before proving Theorem 1.4, we need some preparation. The first
question is whether the set I" of Gibbs states is metrizable in the weak*-
topology. Using an argument similar to that used in Ref 12 and the
regularity of we I, one may be able to show the metrizability directly.
Instead, we give the following argument here. Let R be the one-point com-
pactification of R and let

J:( U %(R‘Ai)®ﬂ§) (4.1)
A=Z /

Then 7 is separable and so the set & of states on .o/ is metrizable in the
weak *-topology. Let @ e & be a state satisfying the bound

[s o)

Y Lz {@(g7 pexpl—ab?, p 1)} <exple(zl*+12D)]  (42)

m=0

uniformly in ae (0, o0), where ¢ is the constant given in the condition
(G-1) in Definition 1.2. Then & defines a regular state on ./ uniquely,
which we denote again by @. Furthermore, one has n;(.o7)" = n4(/)". Let
I be the set of states on &7 satisfying the bounds (4.2) and the conditions
(G-2)-(G-4) in Definition 1.2. Then I" is metrizable. On the other hand,
any regular state @ on ./ defines a state on o satisfying the bounds (4.2).
Thus, in order to simplify our arguments, we assume that the set I” of
Gibbs states is metrizable in the weak*-topology. Otherwise, one may
replace I" by I" in the rest of this section, and then our conclusions still
hold for I and ..

We first collect some results, which are consequences of the conditions
(G-1)-(G-3) in Defintion 1.2. As before, for we I let

OCZ(B) — eizh Be—izh

(X;I(B) — €iZHA'FB€7iZHA‘F

(4.3)
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Here we have suppressed the representation notation [ie., H,p=
n,(H 4r)]. Then we have the following results:

Proposition 4.1. (i) For any finite 4 =Z and for any we I the
vector-valued functions

P(A"‘)(Z)Qw = az,.( WA) T azl(WA)Q
are analytic in the tube

Dyl ={zeC" 0<Imz,< -+ <Imz, <f/2}

The function P{)(z),, is strongly continuous and uniformly bounded on
its closure D§}, and

sup |[P{(z)Q,] < C"(n!)'?
zeD},’}%
uniformly in 4 and we .
(2} For wel, the series

Iﬂ/2Q Q + Z dSl"'dSn alS"(WA) zsl(WA)Q

n=1 O<sp< - <5< p/2

converges strongly and uniformly in we 7T
(3) Forwel, Ben,(4,), and Aden (),

af(B)AQ, —> o, (B)AQ, as A'—>Z

strongly for D{}}. The convergence is uniform in we I
(4) Let wel’ Then for 0<s, < -+ <5, <f/2,

(WA)Q —’“u(WA) w (W )82,

lS

n W ) 151 ’ 131

strongly as A’ — Z. The convergence is uniform in we I

Remark. For any w e I” the modularity condition (G-2) implies that
w satisfies the KMS conditions

(2, Auy(B)Q2,)=(2,, BAQ,) (4.4)
for any A4, Ben (of)".

Proof of Proposition 4.7. Parts (1) and (2). In the proof of
Proposition 3.5, we used only the KMS conditions and the regularity of p
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[to obtain (3.8)]. Since w satisfies the same conditions, the proposition
follows from the same method as that used in the proof of Proposition 3.5.
The uniformity in we I” follows from uniform bounds on the right-hand
side of (3.8) by the regularity condition (G-1).

Part (3). Let A" =(je Z: dist(j, 4)<m}. Then the condition (G-3)
implies that for Ben,(,), A€ n, (),

57(B) ARy =57, (B) AQ,, (45)

and so it follows that for ze DY)}

loe(B) AR, —aZ'(B) AQ,|

R

f (8710, (B) %, (BY] 42,

where m’ =dist{A, 64'}. Using a mthod similar to that used in the proof of
Proposition 2.3 and the regularity condition (G-1), one may show that the
norm of the nth term in the above expression is bounded by c"(n!)!?
uniformly in A" and we I'. This proves part (3) of the proposition.

Part (4). Notice that

af (W) af (W) Q0 — o (W) 0 (W) 2,
Z tS,, ) tsk+;(WA)[azsk(WA) aisk(WA)]
Xauk I(WA) tsl(WA)Q (46)
We expand o' (W ,) by
: = s
o (W)= ZOEMA.,F(WA) (47)

and o, (W ,) by an expansion similar to (4.7). Substitute (4.7) into (4.6) to
express (4.6) into the following form:

k=1 my,.omi-1=1 mgs1y,mp=1 mk:m'ml!”'m"!
[H O W ]DHAF(WA) S Wl [1 oW, (48)
J=k1

We now use (4.5), a method similar to that used in the proof of
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Proposition 2.3, and the definition of W, in (1.17) to show that each term
in the sum in (4.8) is bounded by the following type:

Cmit o g ( ﬁ mﬁ [(t+ g9, 1/2)]>

j=1 I=1

Sc’inl+"'+mn((m1+ +mn+n)!)1/2

Uniformly in 4, A" and we I Here we have used the regularity condition
(G-1) and the method in the proof of Lemma 2.4 to obtain the above
inequality. The convergence follows from (4.8) and the above bound.

Proposition 4.2. The set [ is convex and compact in the weak*-
topology.

Proof. Since the set of states is compact, it suffices to show that I is
convex and closed. Let w,,w,el and let o =0, 0, +a,w,, o, +o,=1.
Obviously o is regular. Define an operator H on 7 ,({J «,)2, by

HAQ _[HAF+WA’A]Q(U7 Aenw(‘Q{A)

Following the argument in the proofs of Theorem 1.1 and
Proposition 4.1(3), one can show that H is essentially self-adjoint on
() o) 2, and that o,: A+ e de " defines an automorphism on
n(«/)". Next we prove that (n(<f)”, o) satisfies the KMS conditions. Notice
that for any 4, Be ) <,

(2, Aoy(B)Q2,)= lim (Q,, A« (B)Q,)
A= Z

= lim w(A4aj(B))

A —-Z

= lim [Z 2,0, (Aal(B ))}

A= Z

= Z 12, A0,5(B)Q.,)

:i (2., BAQ™)
J:21

=3 o,w(BA)

j=1

=w(BA)
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Here we have used Proposition 4.1(3) and the modularity of w, and w,.
Since () o£,) is dense in n(/)", Q, is separating for n(</)". Thus, w
satisfies (m(o7)”, 2)-KMS conditions. By uniqueness of the modular
automorphism, we conclude that H = h. This prove the conditions (G-2)
and (G-3) for w.

Next we prove the condition (G-4). Using the expansion in
Proposition 4.1(2) for Q/=1"},Q,, and using Proposition 4.1(4), it is casy
to check that for any Ae &#,, Be o/,., A" < A,

(Q4, ABQY) =} o(Qf, ABQ])
i=12

=pa(d) 3 @], BQL)

;*
i=1.2

= pA(4)(Q5, BQ)

To obtain the first and third inequalities, we have used Proposition 4.1(2)
and 4.1(4). Thus, I" is convex.

Let {w,} be a sequence in /" convergent to  in the weak *-topology.
Obviously w is regular. Using the method in the first part of this proof and
using Proposition 4.1(3), it is easy to show that w satisfies conditions
(G-2)~(G-3). Recall Proposition 4.1(2). We use Proposition 4.1(2) and
4.1(3) and the Gibbs conditions for w; to show that w satisfies condition
(G-4). In this proof, the uniform convergence in w € I" in Proposition 4.1(2)
and 4.1(3) is in need. We leave the detailed proof to the reader. Thus, I is
closed.

We investigate the vector Q) =17%,Q, for a given wel in more
detail.

Lemma 4.3. For each finite A<Z and wel, the vector

Qi=T4,Q, s cyclic and separating for n(2/)".

Proof. Let W,, be the approximate surface energy obtained from
W, by replacing ¢, 1, by @;,.,[1+ (1/n)¢?, ,]17" Then the operator
W 4., is bounded. Let

F;l,n — eiz(hf WA,,,)EAizh (49)

Then, by Theorem 5.4.4 (and Corollary 5.4.5) of Ref. 2, Q" =I41Q , is
cyclic and separating for n(«/)". Furthermore, Q2" satisfies KMS con-
ditions for

a:’VA,n(A) = pitlh= W} fgo—itlh=Wyn) (4_10)

Let V, be the (closed) natural cone corresponding to (n(«/)", 2,) (see
Section 2.5.4 of Ref. 2). Then Q17/||QA"| is the unique normalized
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n

representation of the a"4=KMS state w™" contained in the cone V,
(p. 160 of Ref. 2).
We define an operator H* (=h— W) on the Hilbert space # =

n, ()R, by
HAQA=[h—W,, A1Q4 (4.11)

Using Proposition 5.1(2), the regularity of w e I, and a method similar to
that used in Proposition 3.5, one may obtain that

(412 12)" Q41 < c™(nl)"? (4.12)

We use the above bounds and the method employed in the proof of
Theorem 1.1 to conclude that H* is essentially self-adjoint on {J 7,(s7,) Q24
and that H'Q4 =0. We write

a¥H(A) =" 4o " (4.13)

We prove that Q4 satisfies the «">-KMS conditions. In order to show this,
we assert that for ze Dy and Aen (),

a¥1(4)Q4 = lim o%an(4)Q2 (4.14)

w
n-— oo

strongly. To prove this, we expand «"4(A4) and a¥4+(A4) by power series in
z, and then we use the method in the proof of Proposition 2.3 and the fact
that (¢, ,,,)" Q2" < c™(m!)"? uniformly in n to conclude that (4.14)
holds. We leave the detailed proof to the reader. Using (4.14) and the fact
that Q4 satisfies «"+-KMS conditions, we obtain

(Q7, Aal¥(B)Q7) = lim (@27, da¥1r(B) QA"

n— oo

= lim (Q4", BAQA"y=(Q4, BAQA)

n— o0

for any 4, Be ) n, (). Since {J (e, ) is dense in 7 (o )", Q2 satisfies
«"*-KMS conditions. Thus, Q¢ is separating for n(«/)". Since Q4"e V),
QieV, by (4.14). From Proposition 2.5.30 of Ref. 2, it follows that Q/ is
cyclic for n(o/)”. This proves the lemma completely.

Remark. As stated in the remark below Theorem 1.4, it can be
proven that any Gibs state w e I is an even Gibbs state (w € ). The proof
can be produced in the following manner: Let we /" and let 4~ € /9 be an
odd element. By the Gibbs condition (G-4), (24, 4~ 024)=0. Note that the
surface energy W, is affiliated with .«7¢. Let

rz(;?/z(* W, )Q4=expl — B(H"+ W )24
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be the local perturbation of Q2 by — W . Then I'j;,(— W ,)Q/ =Q,,. Since

(Fi/;f/z(‘” WA)QA AwF{;?/Z(_ WA)QO))ZO

?

we have that (2,, 47 Q,)=0. We do not produce the detailed proof here
and leave it as an exercise. However, we will not use the above fact in the
rest of the paper.

As before, we write that for we " and A en ()",

A _ A
Qw—riﬁ/Z w

a(A)=e™ 4e (4.15)

OCZWA — eiz(hf wA)Aefiz(hv Wy)

We introduce the notion of the algebra at infinity. Let 7 be the set of even
Gibbs states. Let &/ and /¢ be the algebras of even elements defined in
(1.18). For w e I, the algebra %¢ at infinity and the center 2 for (&7°, @)
are defined by

#e = ﬂ T %), Fe=n, () NE (A (4.16)

w
A finite

where

Si=( U )
)

Then #¢, < Z¢,. For any w e I', the algebra 4, at infinity and the center Z,
for (o, ) are defined analogously.

Lemma 4.4. For wel” let TeZ¢. Assume that for any finite
AcZ Aen,(,), and Be ()
(24, ABTQ")=p (A)(Q", BTQ")
Then T e %¢,.

Proof. In this proof we suppress @ in the notation. For a given
we I, we write that for c=¢ or 0

H= (L))", Hi=(n(A)Q")", H}F=(n(A%)Q")” (4.17)
We note that the set

n(&/,,)xn( U %,,)

ANA=g

E{n(A)sn(,pi): A=fB,.C,., Biest,, Ce |J %}

A'nNA=
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is dense in n(o/)". And so one may decompose #, by
%Z%e,e)@yffo,m (4-18)
where H#, ., = #® # X, and

Hoy= {Z A,;B,Q": A,en(«/Y), Be 75(&%9,@)}

Let P, and P, be the orthogonal projections to #(,., and #,,,, respec-
tively. Then for A: #, — #,, we have

A:PIAP1+P2AP2+P1AP2+P2AP1
Let Te Z¢ satisfy the assumption in the lemma. Write
Tr=pP, TP, +P,TP,+ P, TP,+ P, TP,

For any A, A} en(«/<), By, By en(#Y), C, C5 en(H%.), and D,
Dy en(/Y%), we have that by the assumption in the lemma

(47 C;)*Q4, P, TP, By Dy Q%)= (Q4, A} C; TB; Dy Q1)
=(Q*, Af B TC; D; Q%)
= p (A} BL NQ", TC Dy @)
=0 (4.19)

Here we have used the fact that p,(47)=0 for A~ en(&Y).
Equation (4.19) implies
P, TP,=0 (4.20)

By a method similar in the above, we also have
P, TP, =0 (4.21)
From the assumption it follows that
(A} CHY*Q", P, TP A} CHQYY)=(Q", A A TCHCH Q")
=pA(AFAF)Q, CHTC 0% (422)

We write Q7 = Q¢ ® Q, where Q{ and 24 are the cyclic vectors for n(7¢,)
and n(e/¢.), respectively. Then, from (4.22) we have

(4721, (Cr 4, TCFQf) A3 Q1)
= (4, Qf, A7 2{)(C; Q1 ® 24, TC; Q1 ® Q) |Q7] >
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The above implies that for any ¢, y € #
(9, TY)=b(h, )1 4, (4.23)

for some binlinear form b(¢, ). Using the method in the above, we con-
clude that for any ¢, J € # &

(@, T =b(3, ¥)1 (4.24)

The relations (4.20), (4.21), (4.23), and (4.24) imply Ten(o/¢.}" for all
finite A < Z. This proves that T'e 4¢,.
The next step is to show that I" is a simplex.

Proposition 4.5. The set I'* of Gibbs states is a Choquet simplex.

Proof. Let C= {tw:0<t1< o0, wel*} be the cone through . We
must show that C is a lattice. Let w,, @, € C and define w = w, + w,. Let &
be the normal extension of w to n,(.e7)". Notice that any o' eI satisfies
KMS conditions. Following the proof of Theorem 5.3.30 of Ref. 1, one can
show that w, and w, are m,-normal, and that there exist positive
T,, T,eZ¢ such that

w(A)=d(AT}), @,(A)=D(AT,)
Since w, and , satisfy condition (G-4), one has that for any A e n(s/,),
Bemn(s,y)
(ABT;) = w(AB)=p (A) w(B)=p (4) 0(BT,)
Thus, by Lemma 44, T, T, %:,.

Since #¢, is Abelian, the greatest lower bound T, A T, & %°, exists.
Define

(@ A @,)(A)=D(A(T| A T,))

Then w; A w, is a unique greatest lower bound for w, and w,. Since
T\~ Tye%;, w, ~w, satisfies the conditions (G-1}-(G-4), and so
w; AwyeC.

Proposition 4.6. Lect {A} be a net tending to Z and let wel.
Then There exist a subnet {4’} of {4} and a state & over n(.%/)" such that
@ is an a-KMS state and for ze DD and 4, Be U ()

(Aw(B))= lim (QF, Aa?1(B)QL)/ Q4

A > Z

where 2, is the modular automorphism on n(.s#)” with respect to Q.
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Proof. We write that for any 4, Ben («,.) and zeD—(ﬁ”
F (4, B;2)= (2}, Aa'*(B)Q7) (4.25)

Then F (A, B; z) is analytic on D}’ and bounded on Dﬁ(ﬂ” by Lemma 4.3
and its proof. Notice that

dm
—— FalA, B 2) = i"(Q7), Az (074(B))27)

Z

where H”' has been defined in (4.11). Using the method in the proof of
Proposition 2.3 and the «”4-KMS conditions for 2, one can show that

w?

i

d
ZdZ_mFA(A’ Ba Z)

<Ce” (Q(f,, ﬁ (1 + 8014 12)] Qf,)

i=1

We next employ the method used in the proof of Proposition 3.5 and the
regularity of w € I" to obtain

(Qf,, [T 1+ 8¢+ 1)l Q£> <C"(m!)'”?

i=1

uniformly in A. Thus, one has that

dm
’ FA(A’ Bs Z)
dzm

< Cm(m!)l/Z uniformly inzand A (426)

for ze D§". Next we note that by the Peierls-Bogoliubov inequality
1QA? = inf Q271
> lnf exp[ - (Qu)7 WA,an)]

= exp[‘—(‘an W/I‘Qw)]
Se (4.27)

uniformly in 4.
We now choose a subnet {4’} of {4} such that

F(A, B;z)= lim F (A, B;z) (4.28)

A > Z

822/46/3-4-11
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Then F(A, B; z) is analytic on D), bounded on D_(ﬁ” and

;mF(A B;z)= llm L:Il F, (A4, B; z)
(4.29)
‘—F(A B;z)| < C™(m!)'?
From (4.27) and (4.30}) it follows that
d(A)=F(4,1;0)/F(1,1;0) {(4.30)
defines a state over n(«/)". Let
w(4)=(QF, A22) Q4] (4.31)

Then from (4.26)-(4.30) one shows that
®(A87(B)) = lim w*(A48%.+(B))

A —-Z
= lim w?(A457(B))
A=z
Here we have used the fact that for any Ben, (), 67+(B)=957(B) for
sufficiently large 4. Thus
®(Aa (B))= lim w?(4a"1(B)) (4.32)
A'->Z

for any 4, BeJ n,(o,) and ze Dy;. The proposition follows from (4.32)
and from the fact that »? is an a”7-KMS state.

Lemma 4.7. Let wel be an extremal state. Then %, = {ct}.

Proof. First we note that #, < %, . If there is 4 e %, nonconstant
with 0 << h <1, the state '(4)=w(h) " w(hA) will be a Gibbs state: Since
he#,, it follows that for any finite A, Aen, (o), Ben, (o, ) with
A A¢

w(hAB)=w'(A) o' (hB) = p ,(A) w"(hB)

and so w’ satisfies condition (G-4). Obviously o' satisfies other conditions
in Definition 1.2. Similarly the state w”(4)=w(l —h) "' w((1—~h) A) is a
Gibbs state. Thus, w 1s a convex combination of @’ and w”.

Finally we prove the uniqueness of Gibs states:

Proof of Theorem 1.4. Let we I be an extremal Gibbs state and let
p be a weak*-limit of a sequence {p,,} of finite-volume Gibbs states. By
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Proposition 4.6 there exists a subnet {A4,} of {4,} such that for any
A € nw(U MA)

B(A) = Al'i’_n,z w™(A4)=p(A4) (4.33)

Here we have used the fact that w e I” to obtain the second equality. Since
@ is an a-KMS state, we use Proposition 5.3.29 of Ref. 2 (and its proof) for
n(sZ°) to conclude that there exists a unique positive operator 7T affiliated
with Z¢ such that for any 4 en(s/¢)”

&(A)=w(TA)=(T"*Q,,, ATQ,) (4.34)
The above relation can be extended to n(«?)". We write that

ONA) = (TP T} ,Q,, AT T,Q,) (4.35)

From condition (G-4) and (4.33) it follows that
(A0 (B)) = (2, 7,(4) 2.(,(B))2,)
for any Ae o, Bel) o, ze Dy, and so
OMNA)=(T},R,, AI'},2,)=p*(4) (4.36)
Thus, using (4.36) and the fact that w, p eI, we obtain
W (ABT)=&"(AB) = p"(AB) = p 4(A) p”(B) = p ,(4) &"(B)
= p 4(A) 0" (BT) (4.37)

By Lemma 4.4 and (4.37), T is affiliated with %,,.

Since 4,,=C1 by Lemma 4.7, w=p. That is, if p is a weak*-limit of
finite-volume Gibbs states p , and if w and o' are extremal states in I, then
w=p=w'. This proves Theorem 1.4 completely.

Remark. The proof can be shortened by the following argument: Let
T be the positive operator satisfying (4.34). Since 7 and the modular
operator 4 commute strongly by Proposition 5.3.28 of Ref. 2, T'2Q =
AV2TV2Q eV, , where V,, is the natural cone. Since 7"/°Q,, is separating
for n(o£)", T?Q, is cyclic for n(2/)” by Proposition 2.5.30 of Ref. 2.
Thus, (#,, =, T"°Q,) is the cyclic representation with respect to @, and
s0 @(A)=p ,(4) &(1) by the condition (G-4). Hence (4.37) holds.

Proof of Theorem 1.5. The follows from Theorem 1.4, Lemma 4.7,
and Theorem 2.6.10 of Ref. 2.
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5. DISCUSSION

So far we have proved the uniqueness and the cluster property of
Gibbs states for the semiclassical approximation (1.3) of the full quantum
polyacetylene model (1.1) for any >0 with free boundary conditions for
boson fields. Thus, within the above simplification, it is impossible to con-
struct a soliton sector, and so the heuristic arguments in Refs. 10 and 11
would fail. Therefore, it would be interesting to know whether our results
in this paper can be extended to the following cases:

(a) Other boundary conditions.
(b} Full quantum model (1.1).
(¢} Ground states (ff=o0).

In the rest of this section we give a brief discussion of the above cases.
We first consider cases (a) and (b). For 4= {n,.., m} = Z and for any
f: A~ R, define

PU= T PSO,  U@)= Y (=) () (5)

ied

and introduce two norms

AT =2 D+ G=5)?1 M f() <constx || f1
ijed

i) (5.2)
Iz =2 (L= 16 SO

Ljed
i#j

Then for the full quantum model with >0 it can be shown that

paexp[p(h;) +u(0%h,)]) <exp {C Y il +(Hh,-\|z”)2]} (5.3)

i=1

for some constant ¢ independent of A, where p , is the finite Gibbs state for
the quantum model (1.1) with some boundary conditions (e.g., Dirichlet or
free boundary conditions). A bound similar to that in (5.3) also holds for
the semiclassical approximation with other boundary conditions. Because
of a lack of space, we will not produce the proof of the bound (5.3) here.

In case (b) the bound (5.3) implies that any infinite-volume-limit
equilibrium state is entire analytic and a modular state on a quasilocal
algebra. And so a quantum dynamical system can be constructed. But in
order to show the uniqueness of equilibrium states, one has to formulate an
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appropriate Gibbs condition corresponding to Definition 1.2 (G-4). If one
removes the surface energy W, defined in (1.17) [¢,= (du),], the perturbed
states

w'(4)= (I,9,, AT},Q,,)
are not factorized. Thus, for 4= {n,.., m} one has to include either
w= L0 =, )+ (U~ 1) T w2
or else
wi= Qu,t, _ + 2, Uy) W2

into the surface energy to factorize w”. Apparently W', and W', are too
singular to define 1'%, in terms of the Dyson expansion (3.7). A dif-
ficulty similar to the above arises in case (a). Because of this difficulty we
are unable to extend our results to cases (a) and (b). On the other hand,
the results in Ref 5 suggest that the uniqueness of equilibrium states may
hold for (a) and (b).

Finally, we consider case (c). For =00 (ground states) it can be
argued that the quantum model (1.1) is very closely related to the two-
dimensional Yukawa model in Z x R.©*'%!) Thus, for sufficiently large g, a
first-order phase transition may take place. In this case one can construct a
soliton sector and prove the existence of fractional charges. We hope to
come back to this subject in future.
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